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Abstract 

The  Everett-interpretation  description  of  isolated  measurements,  i.e.,  measure¬ 
ments  involving  interaction  between  a  measuring  apparatus  and  a  measured  system 
but  not  interaction  with  the  environment,  is  shown  to  be  unambiguous,  claims  in 
the  literature  to  the  contrary  notwithstanding.  The  appearance  of  ambiguity  in  such 
measurements  is  engendered  by  the  fact  that,  in  the  Schrodinger  picture,  information 
on  splitting  into  Everett  copies  must  be  inferred  from  the  history  of  the  combined 
system.  In  the  Heisenberg  picture  this  information  is  contained  in  mathematical 
quantities  associated  with  a  single  time. 

Key  words:  basis  ambiguity,  preferred  basis  problem,  Everett  interpretation,  quan¬ 
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1  Introduction 

The  explanation  of  the  quantum-mechanical  measurement  process  provided  by  the  Everett 
interpretation  [1-4]  has  been  said  to  suffer  from  a  difficulty  which  has  been  termed  the 
“basis  ambiguity,”  the  “preferred  basis  problem,”  or  simply  the  “basis  problem.”  The 
claim  is  that  the  Everett  description  of  measurement  is  ambiguous  when  the  measurement 
involves  a  measuring  apparatus  and  measured  system  which  are  completely  isolated  from 
interaction  with  any  external  environment  [5-10].  According  to  Zurek  [5],  it  is  possible 
in  the  case  of  such  an  isolated  measurement  situation  that  “the  apparatus  by  virtue  of 
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by  the  U.S.  Government. 
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being  correlated  with  the  state  of  the  system  contains  not  only  all  the  information  about 
the  observable  S  [which  it  was  designed  to  measure];  it  must  equally  well  contain  all  the 
information  about  many  other  observables  R  . . .  defined  on  the  Hilbert  space  of  the  system 
. . .  This  is  so  despite  the  fact  that  R  and  S  do  not,  in  general,  commute. . .  Quantum 
mechanics  alone,  when  applied  to  an  isolated,  composite  object  consisting  of  an  apparatus 
and  a  system,  cannot  in  principle  determine  which  observable  has  been  measured.” 

As  emphasized  by  DeWitt  [11],  Everett  quantum  mechanics  does  in  fact  contain  an 
unambiguous  notion  of  measurement,  even  in  the  case  of  an  apparatus  and  a  system  isolated 
from  the  environment.  “The  quantum  mechanical  description  of  the  measurement  starts 
with  a  state  in  which  the  system  and  apparatus,  in  the  absence  of  coupling,  would  be 
uncorrelated,  which  simply  means  that  the  state  vector  of  the  combination  is  expressible 
as  a  tensor  product  . . .  The  structure  of  the  coupling  operator  . . .  defines  a  preferred  set 
of  basis  vectors  ...[11]”  (See  also  [12].)  Below,  1  show  explicitly  that  a  measurement 
situation  defined  along  these  lines  presents  no  ambiguity  regarding  “which  observable  has 
been  measured.” 

Use  of  the  basis  defined  by  the  interaction  may  be  objected  to  on  the  grounds  that  “to 
give  to  the  measurement  process  a  privileged  position  over  other  interactions  seems  con¬ 
trary  to  the  spirit  of  Everett’s  program,  which  was  motivated  in  part  by  a  reaction  against 
the  privileged  status  of  measurement  (reduction  of  the  state  vector)  in  the  orthodox  inter¬ 
pretation  [13].”  The  “privileged  status”  of  measurements  in  Everett  quantum  mechanics 
is,  however,  only  an  artifact  of  the  Schrddinger  picture.  In  the  Everett  interpretation  in 
the  Schrodinger  picture,  measurement  interactions  define  a  decomposition  of  the  state  vec¬ 
tor  into  “branches,”  each  of  which  is  considered  to  correspond  to  a  globally-defined  world 
[14]  in  which  observers  perceive  definite  outcomes  to  the  measurement.  Thus  in  Everett 
quantum  mechanics  in  the  Schrodinger  picture,  measurement  interactions  do  have  the  ap¬ 
pearance  of  exerting  special  nonlocal  influences  which  other  types  of  interactions  do  not 
exert. 

In  Heisenberg-picture  Everett  quantum  mechanics,  all  dynamics,  including  the  dynam¬ 
ics  of  measurements,  is  described  by  the  evolution  of  operators  which  represent  the  prop¬ 
erties  of  local  physical  systems  [15].  During  a  measurement  interaction  the  operator  rep¬ 
resenting  that  degree  of  freedom  of  the  measuring  device  relevant  for  its  role  as  measuring 
device  is  changed  into  a  characteristic  form  (see  Sec.  ID-  This  form  serves  to  indicate 
the  presence,  subsequent  to  the  measurement,  of  several  noninteracting  “Everett  copies” 
of  that  degree  of  freedom,  each  corresponding  to  a  different  outcome  of  the  measurement 
[16,  17].  Operators  corresponding  to  other  degrees  of  freedom  are  not  affected,  except  to 
the  extent  that  they  subsequently  interact  with  the  copied  degree  of  freedom.1  Measuring 
devices  are  thus  not  “privileged,”  merely  “different,”  in  that  they  interact  in  such  a  way  as 
to  lead  to  Everett  copying.  This  copying  is  an  explicitly  local  process,  assuming  of  course 
that  the  underlying  Hamiltonian  is  local. 

There  is  another  drawback  to  using  the  Schrodinger  picture  to  describe  measurement, 
one  which  is  the  cause  of  the  apparent  ambiguity  present  in  isolated  measurements.  The 

lrThe  ontology  of  the  Everett  interpretation  in  the  Heisenberg  picture  is  thus  different  from  that  in  the 
Schrodinger  picture.  It  is  this  difference  which  allows  for  the  emergence  of  Born-rule-consistent  probability, 
in  the  familiar  sense  of  “probability  as  long  term  relative  frequency,”  in  Heisenberg-picture  Everett  quantum 
mechanics  [17]. 
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Schrodinger  picture  in  a  sense  hides  information  about  the  splitting  into  Everett  copies  as 
a  result  of  measurement,  in  that  this  information  is  not  present  in  mathematical  quantities 
associated  with  a  given  time,  but,  rather,  must  be  inferred  from  the  history  of  the  system 
up  to  that  time  (see  Sec.  01  In  the  Heisenberg  picture,  on  the  other  hand,  the  manner 
in  which  systems  have  been  split  into  Everett  copies  at  time  t  can  be  determined  from 
mathematical  quantities  defined  at  time  t  (see  Sec.  ED. 

Sec.  01  below  describes  the  conditions  for  the  existence  of  a  measurement  situation. 
Sec.  01  discusses  Everett  copying  and  the  description  of  measurements  in  the  Schrodinger 
picture.  The  (apparent)  basis  ambiguity  is  presented,  as  well  as  a  proof  of  the  (actual) 
uniqueness  of  the  measurement  basis.  The  hidden  nature  of  Everett-copying  information 
in  the  Schrodinger  picture  is  also  discussed.  Sec.  01  presents  the  (less  familiar)  Heisenberg- 
picture  description  of  the  Everett  interpretation,  uniqueness  theorems  for  Everett  copying 
and  measurement  in  this  picture,  and  a  proof  that  a  measuring  apparatus  cannot  simulta¬ 
neously  measure  noncommuting  observables.  Sec.  0  discusses  the  role  of  interaction  with 
the  environment  in  Everett-quantum-mechanical  measurement. 

2  Measurement  Situations 

We  deal  in  this  paper  only  with  ideal  measurements  (see,  e.g.,  [18,  Sec.  14.2]).  Consider  a 
physical  system  the  Hilbert  space  of  which  is  spanned  by  M  basis  vectors, 

I  S:i),  i  =  (1) 

satisfying 

(S  :  i\S  :  j)  =  8ij,  —  (2) 

This  physical  system,  which  is  the  one  to  be  measured,  will  be  referred  to  below  as  “the 
system”  or  S. 

Conditions  for  the  existence  of  a  measurement  situation: 

Ml.  There  is  present,  in  addition  to  5,  another  physical  system,  a  measuring  apparatus 
which  we  will  term  “the  observer”  or  O.  The  Hilbert  space  of  O  is  spanned  by  M  + 1 
basis  vectors, 

1 0:i),  i  —  0, . . . ,  M,  (3) 

(0:i\0:j)  =  Sij,  —  (4) 

The  state  \0  :  0)  is  termed  the  “ignorant  state”  or  the  “ready  state.” 

M2.  Between  an  initial  time  and  a  later  time  t  >  tin,  S  and  O  evolve  under  the  action 
of  a  unitary  operator  U  which  has  the  property  that 

U\0  :  0)|S  :  i)  =  \0  :  i)\S  :  i),  i  =  (5) 

M3.  At  time  the  state  vector  of  S  and  O  is  of  the  form 

\^(tin))  =  \0  :  0)\S;ip).  (6) 
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That  is,  O  is  in  the  ignorant  state,  and  S  is  in  an  arbitrary  state 


M 

\S'^)  =  '■  *)>  (7) 
i= 1 

where 

M 

^|'0i|2  =  l,  {ij)i }  otherwise  arbitrary,  (8) 

2=1 

When  conditions  M1-M3  are  satisfied,  a  measurement  of  S  in  the  |«5  :  i)  basis  is 
considered  to  have  been  made  by  O  at  time  t. 


3  Schrodinger  Picture 

3.1  Everett  Copies 

In  the  Schrodinger  picture,  the  time-dependent  state  vector  is  given,  at  time  t,  by 

IV’W)  =  U\^(Un))-  (9) 


By  ©-©  and  (0), 

M 

|^(t))  =  :  i)\S  :  i).  (10) 

2=1 

So,  in  the  Schrodinger  picture  we  can  if  we  wish  replace  the  condition  M3  above  for  the 
existence  of  a  measurement  with  the  following  condition: 

M3.'  At  time  t  the  state  vector  of  S  and  O  is  of  the  form  m,  where  (0  is  satisfied. 

This  is  equivalent  to  M3  since,  using  ©,  it  follows  from  hud  that  the  state  vector  at  the 
earlier  time  is  of  the  form  ©• 


Condition  for  the  existence  of  Everett  copies  (Schrodinger  picture):  In  a  mea¬ 
surement  situation,  each  term  of  the  tirne-t  state  vector  m  represents  a  distinct  physical 
reality  in  which  O  has  measured  S  to  be  in  the  ith  of  the  basis  states  ©• 


3.2  The  “Basis  Ambiguity” 

Ambiguity  is  introduced  if  we  adopt  the  view  that  a  measurement  is  characterized  com¬ 
pletely  by  the  fact  that  the  state  vector  has  attained  the  form  m  in  some  basis;  i.e.,  we  pay 
attention  to  condition  M3'  but  disregard  condition  M2  for  the  existence  of  a  measurement 
situation. 

Suppose,  for  example,  that  M=2  and  that  ipi  =  ^2  =  1  / \/2: 

I </>(<)}  =  (1/V2KI O  :  1)|S  :  1)  +  IO  :  2}|S  :  2)).  (11) 
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If  we  define  new  bases  for  the  respective  state  spaces  of  S  and  O, 


\S' 

:1) 

=  (l/v^KI  5 

:  1)  +  \S 

2)), 

(12) 

|  S' 

:2) 

=  (1/V2)(|5 

:1)-|  S 

2)), 

(13) 

and 

|  O’ 

;0) 

=  |O:0), 

(14) 

|  O' 

:1) 

=  (1/V2)(|0 

:  1)  +  |  O 

:2», 

(15) 

|  O' 

:2) 

=  (1/V2)(|  O 

:  1)  -  |  O 

:2)), 

(16) 

then  we  can  rewrite  (1111)  as 

IV'W)  = 

(l/v^KI O'  :  1)|S'  : 

1)  +  |  O'  : 

2)|5':2)) 

(17) 

Comparing  m  and  m,  we  conclude  that  the  form  of  the  decomposition  of  | is 
by  itself  insufficient  to  unambiguously  determine  the  nature  of  the  splitting  into  Everett 
copies. 

If  the  state  vector  m  were  to  describe  two  Everett  worlds  in  which  respective  observer 
copies  in  states  \0  1),  \0  2)  are  correlated  with  system  states  |«S  1),  |«S  2),  condition 
M2  would  have  to  be  satisfied.  But,  if  the  states  \0  :  1),  \0  :  2),  |«S  :  1)  and  |«S  :  2)  satisfy 
condition  M2,  then  the  states  \0  1),  \0  2),  |«S  1)  and  |«S  2)  do  not.  That  is,  if 

U\0  :  0)|5  :  1)  =  \0  :  1)|S  :  1)  (18) 


and 

U\0  :  0)|5  :  2)  =  | O  :  2)\S  :  2), 

it  follows  from  m-m  that 

U\0  :  0)1*5'  :  1)  =  (1/V2)(|e>'  :  1)\S'  :  1)  +  \Q'  :  2)\S'  :  2)) 
±  \0’  :  1)15'  :  1) 


and 


U\O:0)\S':2)  =  (l/v/2)(|0/  :  1)|5'  :  2)  +  {O'  :  2)|5'  :  1)) 
^  {O'  :  2)|5'  :  2) 

The  results  K2DD  and  m  above  illustrate  the 


(19) 


(20) 


(21) 


Isolated  measurement  uniqueness  theorem  (Schrodinger  picture):  Let  |«S  :  i), 

i  =  1, . . . ,  M,  and  |  O  :  i),  i  =  0 , ,M,  be  orthonormal  bases  for  the  state  spaces  of  S 
and  O,  respectively,  and  let  them  satisfy  ©•  Then  any  other  orthonormal  bases  |<S'  :  i), 
i  —  1, . . . ,  M,  and  \0'  :  i),  i  —  0, . . . ,  M,  of  S  and  O  for  which 

| O'  :  0)  =  \0  :  0)  (22) 
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and  which  also  satisfy  ©,  he., 

U\0  :  0)|«S' :  i)  =  \0'  :  i)\S'  :  i),  i  =  (23) 

are  essentially  identical  to  |«S  :  i)  and  [O  :  i),  in  that 


5'  :  i)  =  di\S  :  7r(z)) ,  i  =  1, 

...M, 

(24) 

and 

|C>'  :  i)  =  \0  :  tt(Z)),  i  =  1, . 

,.,M, 

(25) 

where  7r(f)  is  some  permutation  of  i  —  1, . . . ,  M,  and  Oj| 

=  1,  i  =  1, . . .  Af. 

Proof:  Expand  |«5>'  :  i)  in  terms  of  |«S  :  i): 

M 

\S' :  i)  =  J2aij\S  :  j)’  i  =  1 > 

l=i 

(26) 

so 

(5  :  j\S’  :  i)  =  aiy 

using  (El).  Using  ©  and  dTTj). 

(27) 

M 

U\O:0)\S' ■.i)=Y,<Hj\0-.j)\S-.j). 


i=i 


(28) 


Using  (ESI)  with  (12 8[). 

M 

'£ail\0:])\S:j)  =  \0':i)\S':i).  (29) 

3= 1 

Taking  the  inner  product  of  (ED)  with  the  bra  (O  :  l\(S  :  l\  and  using  (1771)  and  the 
orthonormality  of  the  unprimed  bases, 

au{l  -  (O  :  l\0'  :  i))  =  0,  i,Z  =  l,...,M.  (30) 

Fix  i  =  U.  There  must  exist  at  least  one  value  of  l,  say  Zi,  such  that  ^  0  (else, 
from  ©,  I  S'  :  ii)  would  have  zero  norm,  contradicting  the  assumed  orthonormality  of  the 
primed  basis  for  S.)  Then,  from  m, 

(O  :  h\0'  :  H)  =  1.  (31) 

Since  | O'  :  i\)  has  unit  norm  and  the  1 0:1)  form  a  basis, 

1  =  {O' :  h\0' :  h) 

M 

1=0 

=  l  +  £l<O:i|0/:ii>|2  (32) 

i¥=i  i 
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using  (pTT|) .  which  implies  that  {O  :  l\0'  :  ii)  —  0  for  l  ^  or,  with  EJ), 


(O  :  l\(D' :  h)  =  5lh,  l  =  l, . . . ,  M. 

Using  El  with  El, 

di^l  l  1, . . . ,  7U. 

For  i  =  i2  7^  i\,  we  similarly  hnd  from  (13011  that 

{0:l\0':i2)=Slh,  l  =  1, . . . ,  M, 

and 


(33) 

(34) 

(35) 

(36) 


^22 1  ^22^^2  5  ^  1 )  •  •  •  5  -TT 

for  some  l  =  I2.  It  is  not  possible  that  I2  =  h-  That  would  imply,  from  El, 

{0:l\0':i2)=8Ul,  l  —  1, ...  ,M,  (37) 

or,  setting  l  —  1 1, 

{O  :  h\cy  :  i2)  =  1.  (38) 

From  (El  with  l  =  Zi, 

(O  :  ZilCT  :  ii)  =  1.  (39) 

Since  |(9  :  li)  is  normalized  and  the  | O'  :  z)’s  form  a  basis,  we  obtain  a  contradiction: 

1  =  (O  :  h\0  :  h) 

M 

=  Y,i°  :  l^\°'  :  «)(0'  :  i\0  :  h) 

i= 0 

=  1  +  1+  y  | (O  :  l\\0'  :  i)\2  (40) 

i+l,*2 

using  El  and  El,  implying  1  >  2. 

Continuing  in  this  manner  for  i  =  i3, . . . ,  iM,  we  obtain  a  mapping  U  — >•  l1:  . . . ,  iM  — >  lM 
which  is  some  permutation  7r(i)  of  the  integer: 
generalize  to 

dil  di&fa r(i),  b 

and 

(O  :  Z|0'  :  i)  =  <5twW, 

Using  EH)  in  El, 

| S'  :  i)  =  a*|5  :  7r (*)) 

So, 

|  a*  |  =  1,  i  = 

since  |<S'  :  i)  and  |«S  :  n («))  are  both  normalized.  From  (14211  and  the  orthonormality  of  the 
primed  and  unprimed  bases  of  the  state  space  of  O , 


=  !,-• 

, . ,  M.  In  terms  of  tt (*). 

.  El-El 

=  !,■■■ 

,  M. 

(41) 

:,Z  =  1 

,...  ,M. 

(42) 

i  =  1, 

■  ■  ■ ,  M. 

(43) 

•  •  • ,  M, 

(44) 

| O'  :  i)  =  \0  :  7r (*)),  i  —  1, . . . ,  M. 


(45) 
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Q.E.D. 


The  conclusion  of  the  above  theorem  would  of  course  be  changed  if  we  permitted  the 
use  of  a  different  evolution  operator  U'  ^  U  or  a  different  ready  state  \0'  :  0)  ^  \0  :  0) 
in  the  condition  (ESI)  for  |d>'  :  i)  and  | O'  :  i).  However,  this  would  correspond  physically 
to  utilizing  a  different  measuring  apparatus,  and  would  have  no  bearing  on  the  question  of 
whether  or  not  the  Everett  splitting  produced  by  measurement  with  a  particular  measuring 
apparatus  is  ambiguous. 

3.3  Hidden  Information  in  the  Schrodinger  Picture 

There  is  thus  no  basis  ambiguity  in  Everett-quantum-mechanical  measurements.  There 
is,  however,  a  peculiarity,  to  say  the  least,  in  the  Schrodinger-picture  description  of  such 
measurements,  specifically  in  the  characterization  of  splitting  into  Everett  copies.  We 
are  used  to  thinking  of  the  Schrodinger  picture  state  vector  at  a  given  time  t,  |-0(t)),  as 
containing  all  the  information  there  is  to  know  about  the  physical  situation  at  time  t. 
However,  we  see  that  the  state  vector  by  itself  does  not  contain  all  the  information  needed 
to  know  how  the  combined  system  of  S  and  O  has  split  into  correlated  Everett  copies.  We 
also  need  to  know  the  past  history  of  S  and  O ,  i.e.,  that  they  underwent  the  time  evolution 
generated  by  U.  In  the  case  that  the  corresponding  Hamiltonian  is  time-independent,  one 
might  argue  that  the  information  describing  splitting  at  time  t  is  present  in  mathematical 
quantities  characterizing  the  combined  system  at  time  t,  namely  | -0(f))  together  with  the 
Hamiltonian.  In  the  case  of  a  time-dependent  Hamiltonian,  one  could  not  even  make  this 
argument. 

Deutsch  and  Hayden  [15],  in  analyzing  the  spatial  location  of  quantum  information, 
point  out  that  “in  the  Schrodinger  picture  ...  it  is  impossible  to  characterize  quantum 
information  at  a  given  instant  using  the  state  vector  alone.  To  investigate  where  infor¬ 
mation  is  located,  one  must  also  take  into  account  how  that  state  came  about.”  Here  we 
see  that  knowing  how  the  Schrodinger-picture  state  came  about  is  also  needed  to  char¬ 
acterize  Everett-copying  information.  This  peculiarity  is  not  present  in  the  Heisenberg- 
picture  representation  of  the  spatial  location  of  information  [15] — nor  is  it  present  in  the 
Heisenberg-picture  representation  of  Everett-copying  information,  as  we  will  now  show. 

4  Heisenberg  Picture 

4.1  Operators  and  Dynamics 

The  conditions  for  existence  of  a  measurement  situation  are  the  same  as  in  Sec.  m  The 
state  spaces  ©,  ©  are  also  the  same,  so  condition  Ml  is  satisfied.  We  take  the  time- 
independent  Heisenberg-picture  state  vector  to  be  |-0 (£»„))  as  given  in  (0),  so  condition  M3 
is  satisfied. 

Heisenberg-picture  operators  are  time- dependent.  For  any  operator  o, 

o(t)  =  Wo(tin)U.  (46) 
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Where  there  is  no  possibility  of  confusion  we  will  drop  the  time  argument  for  operators 
evaluated  at  the  initial  time  fin: 

d=d(tin).  (47) 

Let  a  and  b  be  nondegenerate  operators  in  the  respective  state  spaces  of  S  and  O  which 
have  the  basis  vectors  CD  and  ©  as  eigenvectors: 


a\S;ai)  =  i  =  (48) 

on  =  otj  =>  i  =  j,  i,j  =  1, . . . ,  M,  (49) 

i  =  0,...,M,  (50) 

Pi  =  Pj=>i=  j,  i,j  =  0, . . . ,  M,  (51) 

where 

|5;ci!j)  =  \S  :  i),  i  =  (52) 

\0-^)  =  \0:i),  i  =  0,...,M.  (53) 


To  obtain  explicit  expressions  for  operators  at  time  t,  we  need  an  explicit  expression 
for  U.  The  time  evolution  operator  U  is  generated  by  a  Hamiltonian  H, 


U  =  exp(—iH(t  -  tin)).  (54) 

For  ideal  measurements,  H  has  the  form  (see,  e.g,  [19]) 


_  M 

H  =  '£h°®Pf,  (55) 


1=1 

where 

Pf  =  |«S;  Qij) (>S;  Qij| , 

(56) 

so 

psps  —  3-ps 

(57) 

and 

M 

i=l 

(58) 

and  where  hf  acts  nontrivially  only  in  the  state  space  of  O.  Using  this  fact  and  (|E3|)-(|H%|). 

M 

i=l 

(59) 

where 

uf  =  exp {-ihf  (t  -  tin)). 

(60) 

If  the  uf  satisfy 

uf\O]f30)  =  \O-(3i),  i  =  l,...,M, 

(61) 

9 


then,  using  ©,  (|521).  (|531).  (EH  and  ED,  we  see  that  U  in  (El  satisfies  ©,  so  condition 
M2  for  a  measurement  situation  is  satisfied.2  (For  example, 


ft?  =  ifc(|O;ft>{O;/30|-|O;A>(O;ft|) 


leads  via  (El  to  uf’s  satisfying  (ED,  provided 

71 

hi  = 


2(t  -  tin) 


(62) 


(63) 


Using  El  it  follows  that  any  operator  d  which  at  time  tin  acts  nontrivially  only  in  the 
state  space  of  O  has,  at  time  t,  the  form 


where 


In  particular, 


where 


From  El,  (ED  and  ED 


M 

d(t)  =J2di®  Pf, 

i—  1 


di  =  uf^duf. 

M 

b(t)=J2bt®Pf, 

i= 1 

bi  =  uf^buf. 

bi\O-,p0)=Pi\O-,P0). 


(64) 

(65) 

(66) 

(67) 

(68) 


4.2  Interpretation 

4.2.1  Everett  Copies 

Condition  for  the  existence  of  Everett  copies  (Heisenberg  Picture):3  If  an  opera¬ 
tor  b(t)  can  be  expressed  in  the  form  (IHHl).  where  (1HH1)  is  satisfied  for  nondegenerate  /3j  and 
the  constant  Heisenberg-picture  state  vector  is  of  the  product  form  (©),  then  that  operator 
is  considered  to  represent  M  Everett  copies.4 


2In  general  a  U  satisfying  ©  could  have  extra  terms  which  annihilate  |(D;/3o),  in  addition  to  those 
present  on  the  right  hand  side  of  ©Hi.  As  we  see  here,  such  terms  will  be  absent  if  U  is  generated  by  a 
Hamiltonian,  and  that  Hamiltonian  is  of  the  form  ED,  i.e.,  one  which  does  not  disturb  the  states  |S;  cu)- 

3This  condition  is  termed  “interpretive  rule  1”  in  [17].  “Interpretive  rule  2”  of  [17],  relating  to  proba¬ 
bility,  will  not  be  required  in  the  present  paper. 

4One  may  well  inquire  at  this  juncture,  “Everett  copies  of  whatT’  When  this  condition  arises  in  the 
context  of  a  measurement  situation,  the  answer  is  “Everett  copies  of  the  degree  of  freedom  of  O  represented 
at  time  tin  by  b .”  (See  Sec.  14.2.211  In  this  context  we  conclude,  from  ©  and  from  (l5()l)  with  i  =  0,  that  b 
has  the  value  /?o,  indicating  ignorance  (b\i/j(tin))  =  A)| while,  from  ©  and  (lf)8l) .  we  see  that  the 
bi’’ s  have  the  respective  values  /3j  corresponding  to  the  possible  outcomes  of  the  measurement  (bi\ip(tin))  = 
/3i\ip(tin))).  Whether  there  exist  conditions  different  from  those  for  measurement  situations  which  give  rise 
to  Everett  copies  as  defined  by  this  condition  is  an  open  question.  The  physical  meaning  of  b(t)  might  also 
conceivably  be  determined  by  the  way  it  enters  into  the  Hamiltonian  (the  time-t  Hamiltonian,  in  the  case 
of  a  time-dependent  Hamiltonian)  and  interacts  with  operators  representing  other  degrees  of  freedom. 
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This  condition  makes  reference  only  to  mathematical  quantities  defined  at  one  moment 
of  time;  indeed,  neither  condition  M2  nor  anything  else  about  the  form  of  the  time  evolution 
operator  U  is  invoked.  In  the  Heisenberg  picture,  as  opposed  to  the  Schrodinger  picture, 
quantities  characterizing  the  combined  system  at  a  single  time — the  time-dependent  oper¬ 
ators  and  the  time-independent  state  vector —  contain  all  the  information  about  the  nature 
of  splitting  into  Everett  copies.5  Of  course  the  would-be  characterization  of  splitting  in 
the  Schrodinger  picture  by  considering  only  the  decomposition  m  of  the  state  vector  also 
refers  only  to  quantities  defined  at  a  single  time;  but,  as  we  have  seen,  this  characterization 
of  splitting  is  ambiguous.  The  characterization  of  splitting  in  terms  of  Heisenberg-picture 
operators  described  in  the  condition  above  is,  however,  completely  unambiguous,  due  to  the 

Operator  expansion  uniqueness  theorem:  Let  B  be  an  operator  which  can  be  ex¬ 
panded  as 

M 

B  =  (69) 

2=  1 

where  each  b'i:  i  —  1, . . . ,  M  acts  nontrivially  only  in  the  M  +  1-dimensional  state  space  of 
O  and  satisfies 

^0;$>=#|0;#>,  i  —  1, . . . ,  M,  (70) 

P'i  =  Pj=>i=3,  h3  =  1,  -  -  - ,  Af,  (71) 

for  some  vector  |  O;  j3'0)  in  the  state  space  of  O,  and  where 

Pf  i  —  1, . . .  ,M,  (72) 

with  15';  o'),  i  =  1, ,  M,  orthonormal  basis  vectors  for  the  M-dimensional  state  space  of 

5, 

<S';a'|<S>')  =  (%,  —  (73) 

at'i  =  a'j  =>  i  =  j,  (74) 

M 

=  (75) 

2=1 

Then  any  other  expansion  of  B  satisfying  these  conditions — i.e., 

M 

B  =  Y.b"®P?">  (76) 

2=1 

where  each  b",  i  —  1, . . . ,  M  acts  nontrivially  only  in  the  state  space  of  O  and  satisfies 

^0;/3')=/f|0;/3'>,  t  =  l  ,...,M,  (77) 

_ P"  =  P"  =>i=j,  (78) 

information  contained  in  the  time-independent  state  vector  can  be  transfered  to  the  time-dependent 
operators  by  a  unitary  transformation  [15,  20]. 
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for  the  same  vector  |  O;  /%),  and  where 

P?"  =  \S"-ct)(S"-ct\,  i  =  l 

with  |(S";  a'j),  i  —  1, . . . ,  M  orthonormal  basis  vectors  for  the  state  space  of  S, 

(S";a"\S";a")  =  6ij,  i.j  1 . \I. 

a"  =  a"  =>i  =  j, 

M 

Y,?r  = 1 

i=  1 

— is  essentially  identical  to  m,  in  that 

PT  =  P%{>,  f  =  1,  •  •  • ,  M, 

and 

b”  =  V^  i  = 

where  7r(i)  is  some  permutation  of  i  —  1, . . . ,  M. 

Proof:  From  (1(tH1)  and  C3, 


(79) 

(80) 
(81) 

(82) 

(83) 

(84) 


M 


i= 1 


55' 


M 

=  £& 


2—1 


(85) 


Taking  the  matrix  element  of  both  sides  of  (USD  between  the  ket  (O]  P'0\(S]  a'k\  and  the  bra 
\(D]  /3'0)\S]  a")  yields,  using  ((TUI),  (|Z2J),  flZHl),  dZZJb  (EH)  and  (JEOI) . 

<\ «?)  =  0,  j,  k  =  1, . . . ,  M.  (86) 


Pick  some  j,  call  it  j\.  There  must  be  at  least  one  k  such  that  (S']  ot'k\S"] «"  )  ^  0,  since 
| S"]a'-)  has  unit  norm  and  the  |»S/;a;'))’s  form  a  basis.  Pick  one  of  these  k's,  call  it  k\. 
Then 

(S']a'kl\S"]a"n)^  0,  (87) 


implying,  with  (jHHl). 


4  =  P 


(88) 


Furthermore,  there  is  no  other  value  of  k,  k  ^  ki,  such  that  (S']  a~\S]  a'^)  ^  0.  (If  there 
were,  that  would  imply,  with  (IHH.  that  j3~  =  /3"  ,  which  with  (IHH1)  would  imply  f3~  =  (3kl, 
contradicting  (J7TJ).)  So, 


(S']  a'k\S"]  a"h)  =  ah5klk ,  ah  ±  0, 


k  —  1, ,  M. 


Similarly,  for  j  =  j2  ^  j\ ,  there  exists  a  unique  k2  such  that 


(89) 


ft,  =  P 


(90) 
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and 


,  ak\S  ,  ex j 2)  Qjj2^k2k-) 

aj2  7^  0,  k  —  1, . . . 

,  M. 

(91) 

It’s  not  possible  that  k2  —  k\,  since  that,  with  (1HH1)  and  (12U1).  would  imply  f3"  =  /3" 

even 

though  ji  7^  j2,  contradicting  (I78|). 

Continuing  in  this  manner  we  find  that  (f22|)-(pTTI)  generalize  to 

&(,')  =  # 

j  =  1, . . . ,  M, 

(92) 

and 

(S';a'k\S";a")  =  ajSnU)k, 

%  7^0,  j,k  =  1,.. 

■ ,  M, 

(93) 

where  7i(j)  is  a  permutation  of  j  =  1, . . . ,  M. 

Since  |«S";  a")  has  unit  norm  and  the  5'; 

aj)’s 

form  a  basis, 

a*  =  1,  ' 

i  =  1, . . . ,  M. 

(94) 

Using  (1721).  (1721).  (I72|).  m,  dSSD  and  (122|).  we  obtain 

pS"  _  pS' 

J-  i  ^7r(i)? 

i  —  1, . . . ,  M. 

(95) 

Using  m,  csj  and  m, 


M 

M 

(96) 

i=l 

1=1 

M 

ECZ-k-Hi 

>)®/f  =0. 

(97) 

i=  1 


Let  1 0;x)  and  |  0',rj)  be  arbitrary  vectors  in  the  state  space  of  O.  Taking  the  matrix 
element  of  (|97l)  between  (O',  x|(<S';  Oii\  and  \0',rj)\S'',OLi)  and  using  (17211  and  (ESI), 

(O',Xm-K-^))\O',rl)=0.  (98) 

Since  1 0',x)  and  \0;r /)  are  arbitrary, 


b 


/ 

i 


(99) 


Q.E.D. 


(100) 


Note  that,  like  the  condition  for  the  existence  of  Everett  copies  in  the  Heisenberg 
picture,  the  operator  expansion  uniqueness  theorem  make  reference  only  to  mathematical 
quantities  associated  with  a  single  time,  and  neither  invokes  condition  M2  nor  makes  any 
other  reference  to  the  form  of  the  time  evolution  operator  U .  The  theorem  also  makes  no 
reference  to  the  state  vector  |-0(firi));  it  is  purely  a  statement  about  operators  at  a  single 
time,  independent  of  any  dynamics. 
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4.2.2  Measurement 

In  the  Heisenberg  picture  we  must  impose  an  additional  condition  on  the  existence  of  a 
measurement  situation,  to  assure  that  there  is  a  suitable  degree  of  freedom  to  record  the 
measurement  being  made: 

M4  At  the  initial  time  tm  there  is  an  operator  b  which  acts  nontrivially  only  in  the 
state  space  of  O  and  which  satisfies  m  and  m,  where  the  (9-space  basis  vectors 
appearing  in  m  are  the  same  as  those  which  appear  in  condition  M2. 

Conditions  M2  and  M4  refer  to  both  t  and  tin,  so  the  Heisenberg-picture  characterization 
of  measurement,  as  distinct  from  that  of  Everett  copying,  depends  on  quantities  associated 
with  more  than  a  single  time,  as  is  the  case  in  the  Schrodinger  picture.  (In  the  Schrodinger 
picture  the  condition  for  splitting  into  Everett  copies  is  not  distinct  from,  and  in  fact 
refers  to,  the  conditions  for  the  existence  of  a  measurement  situation.  See  Sec.  O) 
Any  characterization  of  measurement  must  in  principle  refer  to  states  of  affairs  before  and 
after  the  measurement  interaction,  since  which  physical  quantity,  if  any,  the  measuring 
apparatus  has  recorded  depends  on  both  the  initial  and  final  states  of  the  apparatus.  (The 
multimeter  reads  “50;”  but  was  it  set  to  record  voltage,  or  current?) 

We  now  immediately  obtain  the 

Isolated  measurement  uniqueness  theorem  (Heisenberg  picture):  Given  a  mea¬ 
surement  situation,  i.e.,  one  satisfying  conditions  M1-M4,  with  U  of  the  form  (|59l).  b{t)  is 
split  into  Everett  copies  in  a  uniquely-defined  manner. 

Proof:  We  have  already  shown,  in  Sec.  14.11  that  b(t)  satisfying  the  conditions  of  the 
theorem  will  be  of  the  form  with  (PI)  holding,  and  ©  holds  since  M3  holds.  So 
the  condition  for  the  existence  of  Everett  copies  is  satisfied;  and  the  operator  expansion 
uniqueness  theorem  shows  that  this  splitting  into  copies  is  unambiguous. 

Q.E.D. 

4.2.3  Simultaneous  Measurement  of  Noncommuting  Observables? 

Is  it  possible  that  a  measuring  device  designed  to  measure  an  observable  a  of  S  also 
simultaneously  measures  an  observable  a'  of  S  which  does  not  commute  with  a?  That 
would  require  the  existence  of  an  operator  d  satisfying  M4  which,  under  the  action  of  U, 
evolves  to  d(t)  =  J2iii  ®  Pf  ,  where  the  dff s  act  in  O  space,  as  well  as  the  existence  of 
an  5-space  operator  a!  diagonal  in  the  basis  defined  by  the  Pf  ’s  and  not  commuting  with 
a  (which  by  (1-EH1)  and  (56)  is  diagonal  in  the  basis  defined  by  the  Pf’s).  But  any  operator 
which  acts  only  in  (9-space  at  time  tin  will  be  of  the  form  o  at  time  t  (whether  or 
not  it  satisfies  the  rest  of  condition  M4).  By  the  operator  expansion  uniqueness  theorem, 
the  Pf  ’s  must  be  the  same  as  the  Pf's  up  to  renumbering,  so  a'  and  a  must  commute. 
It  is  thus  not  possible  for  a  measuring  device  to  simultaneously  measure  noncommuting 
observables. 
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5  Discussion 


None  of  the  above  implies  that  interaction  with  the  environment  does  not  play  an  important 
role  in  the  phenomenology  of  measurement.  Interaction  with  the  environment  in  the  form 
of  decoherence  is  believed  to  be  responsible  for  localization  of  macroscopic  objects,  at  least 
to  the  extent  that  localization  is  equivalent  to  the  suppression  of  quantum  interference  [21] 
(see  also  [22]  and  references  therein).  Recent  experiments  provide  quantitative  support  for 
this  belief  [23,  24], 

Besides,  isolated  measurements  divorced  from  interaction  with  the  environment  are  by 
far  the  exception  rather  than  the  rule,  to  the  regret  of  designers  of  quantum  computers  [25] . 
Including  such  interactions  along  with  measurement  interactions  will  require  modification 
to  the  formalism  presented  above.  Not  all  isolated  measurements  are  expected  to  retain 
the  property  of  repeatability  in  the  presence  of  these  modifications,  only  those  for  which 
the  Pf’s  define  a  basis  (“pointer  basis”)  compatible  with  the  environmental  interactions 
[5,8]. 

However,  it  is  one  thing  to  say  that  interactions  with  the  environment  affect  and  con¬ 
strain  measurements,  and  another  to  say  that  interaction  with  the  environment  is  a  neces¬ 
sary  condition  for  the  very  existence  of  well-defined  measurements.  Stapp  [7]  argues  that 
interaction  with  the  environment  cannot  do  both  the  basis-selection  and  localization  jobs 
at  once;  i.e. ,  that  if  interaction  with  the  environment  is  required  for  the  selection  of  a 
preferred  basis,  then  the  Everett  interpretation  either  must  be  at  odds  with  the  observed 
fact  that  macroscopic  objects  are  always  found  in  spatially  well-localized  states  or  must 
suffer  from  the  basis  ambiguity.  If  interaction  with  the  environment  is  relieved  of  the  task 
of  selecting  a  preferred  basis,  it  may  be  possible  to  obviate  this  objection  to  the  Everett 
interpretation.6 
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